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Content of the material

Numerical Analysis 1

Chapter I: Introduction to numerical analysis, Concept of
Errors

Chapter II: Nonlinear Equation Solving

(Bisection, Secante, Newton, Fixed Point .....)
Chapter I11: Solving systems of linear equations

_ Direct methods: (Cramer,Gauss,LU,......)

_ Iterative methods (Jacobi, Gauss-Sidel...)
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Introduction

Introduction : Problematic

Let f:I=[a, bJER-=R, find a €ER f((x)=0

Definition (A Transcendental Equation):

For a polynomial P(x), any real or complex argument x, such that P(xo¢) = 0 is
called a_root of the polynomial. For a general real-valued function f(x), it is
customary to use different terminology: an x, such that f(x0)=0 1s called a zero

of the function.

Example : We want to determine the volume V occupied by a gas whose
temperature is T and whose pressure is p. The equation of state (i.e. the

equation linking p, Vand T) is given by
[P+a(n/V)’](V—Nb)=kNT
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Introduction

Historical Problem
Find square root of a number (Yale Babylonian 1700 BC)

Archimedes Problem

ps r3=0

h’—3rh’+4

p water

Kepler non linear equation

o

-
| )
\ / Archimedes

E—esin(E)—M=0

_ - 287 BC-212BC

E= 333

Kepler 1571-1630
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Introduction

Find Solution : The approximate search for the solution of an equation is
generally done in 3 steps

1 Existence Solution : which consists in establishing intervals [a, b] as tightly
as possible, each containing at least one zero.

Bolzano’s Theorem:

If a continuous function f(x) takes values of
opposite signs at the endpoints of the interval
[a,b], that is, if f(a)-f(b)<0, then the interval
contains at least one zero of the equation f(x)=0.

(Intermediate Value Theorem)

alamy

(Bernard Bolzano 1781-1848)
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Introduction

2 Solution separation: which consists in establishing intervals [a, b] as tightly
as possible, each containing one and only one root.

3 Improving the accuracy or fine-tuning the approximate roots, i.e. obtaining
their imposed accuracy.. 4
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Introduction

Uniqueness: A zero is unique provided that the function is
continuous and monotonic on the interval [a, b]

Example: Investigate the existence and uniqueness of real zero of the
following function in [0,1]

f(x)=xe*—1

1.5

1.0

(¥)=(x+1)e
x€[0.0,1.0] f'(x)>0

—0.5 4

1.0

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
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Introduction

A value « is called a root of order n of the equation if it
satisfies:

f(x)=(x—a)"g(x) g(a)%0
Theorem 1 : If a is aroot of order n of f(x) , then:

fla)=f"(a)=f" (a)=m.=f""(a)=0

Theorem 2 : If fec'(1) has aroot of order 2 a€l[a,b]and if f
is continuous and differentiable on [a,b |then : then a is a simple

rootof g : B f(x)
9=
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Description of the method:

We divide this interval into two part [ac,Xc] and [Xo,bo] Where

a+b f £(xo)
f(a) ) f(b) Xo:< D ) . » .
% ® ® a, b,
v b, a)*f(x,)<0 a
b)/2 b
5 - Jb fla)xf(x) (a+Db)/

If f(X0)=0 then the solution is X, else , we seek the solution in the other
two intervals by applying Bolzano’s Theorem :

if _f(20).f(x0)<0 the needed solution is in this interval [ao, Xo] Denote
[ai, b1] where a; =a, et b1=Xo.

else f(ho).f(x:)<0 the solution is in the other interval [Xo, bo] named
[a:, bi] where a; = X0 and b;=b, and we continue the search process
until we obtain an interval [a., bn] .

Xn=(an+b,)/2

b,—a|<e
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Bisection Method

lterations Numbers:

If the required precision is: € then the number of iterations N in the
bisection method is

ja—b]
€

NZlogz(
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Bisection Method

Example: Determine the zero of f(x) by the method of bisection for a
4 digit for:

f(x)=xe*—1 137 -

x€[0.0,1.0] Lo

0.5 1

0.0 -

_1'0 -

0.0 0.2 0.4 0.6 0.8 1.0
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Bisection Method
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Bisection Method

Algorithm:

Begin

define a, b,f(x), €

Do while |a-b|>€
x=(a+b)/2

If f(X)=0 process stop
End if

If f(a).f(x)<0 b=x
Else a=x
End if

End do

Write x
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Bisection Method

Python Code:

from math import *
def f(x): return x*exp(x)-1.0
a=0.0 th .
b=1.0
tol=1.0E-4 pg On
i=0
while abs (b-a)>tol:
x1 = (a+b)/2.0
if f(a)*f(x1)<O0:
b=x1
else:
a=x1
print (f*{i:2d}"," ",f"{a:2.8f}"," ",f"{b:2.8f}"," ", f"{x1:2.8f}", " ", f"{f(x1):2.8f}")
=i+l
print ("num iti=",i)
print ("x=",x1)
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Regula-Falsi Methode

Requla Falsi:
In this method the search for the solution of f(x)=0 in the interval [a,

b] goes through the same process as the hisection method but
instead of dividing the segment [a,b] into two equal intervals, it
makes more sense to divide it into the ratio —f(a)/f(b) we thus obtain
the value approximated to the zero:

. f(b;:_j(a)(xb)Jrf(b) SO Aby)
o (b—a)
x=a- M7= P
b
v —af(b)-0bf (a) . A 1 b
NS f(b)—f(ﬂ) f(a,) ﬂaz) solution b,

o




Regula Falsi Method

Algorithm Begin

read a, b,

do
x=(af(b)-bf(a))/(f(b)-f(a))
if f(x)=0 stop processing
endif

if f(a).f(x)<0 b=x
else a=x
endif

while [f(x)|>e
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Secant’s Method

For a given X,,X,€a,b]
. :X._f(xi)(xi—l_xi)
S f(xi—l)_f(xi)
X, —x/|<€

i+1

Vi

|

-

Solution

Righi 26-27




Order of Convergence

Order of Convergence: A root-finding method providing a sequence

{x«} with Pm X,=a has order of convergevce p>1 |if
Edee)

X —af _

lim C

k= ‘Xk—ap‘

For some positive bounded constant C, usually as the asymptotic
error constant. In particular , if p=1 C must be smaller then unity for
th criterion to be applicable

21 Righi 26-27
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https://fr.wikipedia.org/wiki/1170
https://fr.wikipedia.org/wiki/1250

Newton-Raphson’s Method

Numerical solution of f(x) = 0

Bracketing methods

Open methods

Bisection method

Regula Falsi method

Fixed-point method

Newton’s method

Secant method

Numerical CODE
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Newton-Raphson’s Method

Newton Method

2! 2 3]
()= F(x)+ (x=x ) (x)+ 222 ()
f(X)=f(xu)+(X—xﬂ)f (Xo) f(x)=0
(X_X0)=—f(xﬂ) X=X, — f'(xn)

F(x,) f'(x)
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Newton-Raphson’s Method

_— f(x,) X,=given
- f'(xﬂ) X =X, — f(xk)
k+1™ “*k .
f (xk)
Termination Criteria and errors estimation
| Xis1—xi{ <€ x“;:xk <e |f(xk)|<e

E Righi 26-27




Newton-Raphson’s Method

X, glven Xiy1 = X;—

Y\ y=f(x)
red Slope: £ix)

Solution

Y=

Isaac Newton (1642-1727)
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Newton-Raphson’s Method

THE

METHOD of FLUXIONS

AND

INFINITE SERTIES;

WITH ITS

Application to the Geometry of CURVE-LINES.

By the INVENTOR

Sir ISAAC NEWTON, X*
Late Prefident of the Royal Society.

27




Newton-Raphson’s Method

Josepho Raphson (1668-1715)

Analyfis Aquationum
MINIVERSALILS

sEU
Ad EQUATIONES ALGEBRAICAS Refolvendas
METHODUS Generalis, & Expedita,

Ex nova Infinitarum Serierum Methodo,

DEDUCTA
DEMONSTRATA.

Editio Secunda cum Appendice.

Authore JOSEPHO RAPHSON /4AM
& Reg. Soc. Secio.
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Newton-Raphson’s Method

Algorithm

Begin

Def f,f’

read xO0,

k=0

do

Xk+1=Xk-f(Xk)I f (Xk)
k=k+1

while |(Xi-Xk-1)|>e

Righi 26-27



Newton-Raphson’s Method

import numpy as np
def f(x): return x*np.exp(x)-1
p def df(x): return (1.0+x)*np.exp(x)
h x[0]=0.0
k=0
plﬁ on for1in range(1,30,1):
If np.abs(x[i]-x[i-1]) < tol:
k=i
break

X = np.zeros(100, float)
x[i]=x[i-1]-f(x[i-1]) /df(x[i-1])
print (“iti=",k,"x=",x[k])

Python Code: from math import *
tol=1E-4
print (f*{i:2d}"," *,f*{x[I-1]:2.8f}"," *,f*{f(x[i-1]):2.8f}")
30




Newton-Raphson’s Method

Python Code: Newton-Raphson Method
I x(i) f(x(i)) Lo | e

1 0.00000000 -1.00000000

2 1.00000000 1.71828183 L0 1 et |

3 0.68393972 0.35534255 es | |

4 0.57745448 0.02873389 <

5 0.56722974 0.00023889
iti=5 x=0.5671432965302959 05 -

I I I I I I
0.0 02 04 06 05 10

A

oython
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Newton-Raphson’s Method

f (%)

Solution

E Righi 26-27




Newton-Raphson’s Method

7 f(x2)

Solution

E Righi 26-27




Newton-Raphson’s Method

Order of Convergence: A root-finding method providing a sequence {z, }

with klim x;, = « has order of convergence p > 1 if
—00

lim |$k+1 - ﬂfl
k—oo |z}, — P

=C, (1.11)

for some positive bounded constant C, usually termed as the asymptotic
error constant. In particular, if p = 1, then C' must be smaller than unity
for the criterion to be applicable.
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Newton-Raphson’s Method
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Newton-Raphson’s Method

- Newton's Local Convergence conditions:
1. f(a)f(b) < 0. Existence of a root within I in the vicinity of Zo.

2 -
2. f €C%a,b: Derivative continuity, the function f() and its first derivative

f , (z) should be continuous within the interval I and the neighborhood of
the root.

8 Y& Edyf ’(‘I’) # 0: The derivative does not vanish within an interval T
containing the root.

4. Yz €1, f"(x) # 0: The derivative f () maintains a constant sign within
the interval 1.

5. f(zo)f"(zo) >0

36 Righi 26-27




Newton-Raphson’s Method

- Newton's Global Convergence conditions (f (zo) f ”(3’0) = 0):
1. Conditions 1, 2, 3, and 4 of Newton’s Local Convergence

O |y {cza £(a)| < 1£'(b)
5. | f'(e) ]~ "le=b [f'(a)] > [f(b)]
- Kantorovich theorem (convergence conditions for Newton’s method):
1. f €C%a,b
2. f'(zo) #0
max |f"(z)] f($ﬂ)2 <1/2
3 T €[a,b] f‘r(ﬂ:{))

E Righi 26-27




Newton-Raphson’s Method

3.5.3 Modified Newton’s Method for Roots with Multiplicity 2 or Higher

If r is a root of f(x) and r has a multiplicity 2 or higher, then convergence of the sequence
generated by Newton’s method is linear; see Theorem 3.2. In these situations, Newton’s
method may be modified to improve the speed of convergence. The modified Newton’s
method designed for roots of multiplicity 2 or higher is described as

Fp= % — f Xn)f (X - , n=1,2,3, ..., x =initial point
[f/(x)]° = f(xn) f (%)

38 Righi 26-27




Newton-Raphson’s Method

Find by Newton Method the solution of the following problem:
Newton-Raphson Method

3—4.5(X—Sill(X))=0 —— B —4 .5(x —sin(x))

Xeop=2 43047

f(x}

_lﬂ .

m Righi 26-27




The fixed-point iteration method

Algorithm fixed-point iteration method.

Vi
y=Xx
| \ >

Fy=i > x = g(x) -
y =g(x)
Xo if

Xi+1:g(Xi)
Xip) — X < & and/or S X)) <&

m Righi 26-27
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The fixed-point iteration method

Convergence of the fixed-point iteration method.

<‘ YEXN Y4 V=X~ y=<(x)
g(x) |80 True V=& (x)

Solution g“lle : 2(x,)

g(x;) olution I

| glx) |

[T 1 |

: : I I I ] | I g(xy) I
st X | 180x3) | X
) / X1 - / \ X1 -

Xy=g(X)) L_}a;)g (X>) XTS xfg, —o(x,) X2=g (X))

E Righi 26-27




The fixed-point iteration method

Divergence of the fixed-point iteration method.

o I {ON
g(x5) I \y=.x
g(x,) I
_ g(x)) I :
Solutign | I I I
o
L X
7 R S
A
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The fixed-point iteration method

convergence of the fixed-point iteration method.

Definition 15.10 (contraction). Suppose that —o0 < a < b < o0 and g €
C([a, b]). We say that g is Lipschitz continuous® on [a, b] if and only if there
exists a constant L > 0 such that

9(x) —gy)| < Lix—yl, Vx,y€la, b],

and the associated L is called the Lipschitz constant. The function g is called
a contraction on [a, b] if and only if it is Lipschitz on [a, b] and its associated
Lipschitz constant, L, satisfies L € (0, 1).

45 Righi 26-27




The fixed-point iteration method

Theorem 15.12 (uniqueness). Suppose that —oo < a < b < o0, g € C(|a, b]),
and g([a, b]) C [a, b]. If g Is a contraction on |a, b], then g has a unique fixed point
¢ € |a, b]. Furthermore, the sequence {xk}3° , generated by (15.2) converges to §
for any starting value xg € |a, b].

Proof. Theorem 15.9 guarantees the existence of at least one fixed point £ € |a, b].
Suppose that m € [a, b] is another fixed point. Since g is a contraction,

€ —nl=19(&§) —g(n)| < LI —nl.

Therefore,
0<(1-L)[g—n[<0,

which proves that € = 1. Hence, the fixed point £ € [a, b] is unique.
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The fixed-point iteration method

The fixed-point iteration method converges if, in the neighborhood
of the fixed point, the derivative of g(x) has an absolute value that is
smaller than 1 (also called Lipschitz continuous):

g'(x) <1 (3.30)

m Righi 26-27




The fixed-point iteration method

- Convergence to the root a occurs when the following conditions are satisfied:
f (m) =0 << z= Q(@ equivalence criterion/condition
Vz € [a,b], g(z) € [a,b] domain containment condition
Vz € la,b], | (z)] < K <1 contraction mapping/condition
- Divergence occurs when:

Ve € [a,b], m111| '(z)| > 1
z €[a,b]

48 Righi 26-27




Convergence is indefinite or uncertain: in other cases where the above conditions
are not met, the behavior of the fixed-point iteration method can be unpredictable,

and convergence or divergence is not guaranteed.
To determine the number of iterations required to achieve a desired precision €, we

use the formula:

7T @l <6 K= Iﬂ;ﬁlg’(ﬂ:)\

|z _r| <

1 —k
In \:r 1}3\5
N > I 0
— In &k

Righi 26-27




The fixed-point iteration method

~A
—

oubhwnNnFE—

x)=xe*—1

X

g(x)

1.00000000 1.71828183

0.36787944
0.69220063
0.50047350
0.60624354
0.54539579

-0.46853639
0.38309147
-0.17446790
0.11156623
-0.05903351

0.56690891
0.56727623
0.56706790
0.56718605
0.56711904

-0.00064752
0.00036739
-0.00020831
0.00011816
-0.00006701

15 1

10 A

05 1

0.0 1

-1.0 1

Xo =1.0
Xin=€Xp(-Xi)

I
0.0

I
0.2

I I I I
0.4 0.6 0.8 10
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The fixed-point iteration method

from math import * =10
import numpy as np Xo—1.
import matplotlib.pyplot as plt X; +1:eXp(-Xi)
def f(x): return x*np.exp(x)-1

def g(x): return np.exp(-x)
X = np.zeros(100, float)

15 A

tol=1E-4
x[0]=0.0 L0
k=0 0s |

foriin range(1,30,1):
x[i]=g(x[i-1])

00

print (f"{i:2d}"," ", f"{x[i]:2.8f}"," " f"{f(x[i]):2.8f}")
if np.abs(x[i]-x[i-1]) < tol: 10
k=i 0.0 02 0.4 06 08 10
break .
print (“iti=",k,"x="x[K]) f(x)=xe*—1

51 Righi 26-27




The fixed-point iteration method

#to draw the curve i
X = np.linspace(0, 1, 30)

y = np.exp(-x)
plt.figure(figsize=(9,7), dpi=500)
plt.ylabel('f (x)')

plt.xlabel('x") _
plt.plot(x,x,X,y) E e
plt.grid(‘on',color="r', linestyle='-.",linewidth=0.5) °«
plt.show()

0.6

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0
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